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5.2 Approximating Areas with Limits of Finite Sums

Archimedes was interested in figuring out the areas of different shapes and measuring the areas inside them. He
used a method (now called the method of exhaustion) where he filled an irregular shape with smaller shapes that
dad exact area formula. By doing this, he could get closer and closer approximations of the total area. He could
estimate the area of a curved region by using rectangles, triangles, and other shapes with known areas.

In this section, we’ll learn how to approximate the area between a curve defined by a function f(x), and the x-

axis over a closed interval [a, b]. Like Archimedes, we start by approximating the area under the curve using
shapes with known areas, specifically rectangles. By making these rectangles smaller and smaller, we will get a
closer approximation of the area. Taking a limit lets us calculate the exact area under the curve.

We will begin by introducing some notation to make the calculations easier. We will look at the case when
f(x) is continuous and nonnegative.

Sigma Notation

n
dYa=a+a,+a;+..+a,

i=1

4
EXAMPLE: Evaluate: ) 3i—2.

i=1

4
EXAMPLE: Evaluate: Y (~1)" cos(kz).

k=1



EXAMPLE: Use sigma notation to write the sum:

EXAMPLE: Use sigma notation to write the sum:

Algebra Rules for Finite Sums

1.) Zn:k-ai =kzn:al.
i=1 i=1
2) i(al. tb)= iai + Zn:bi
i=1 i=1 i=1
Summation Formulas

1.) Zn:c:c-n
i=1

2)2 n(n+1) n22+n
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5 5 5

nn+l 2n+1 2n3+3n2+n

6 6

n n+1)> 114+2n3+n2

+ + +...+ .
1+1 1+2 1+3 1+15

1 2 3 4 5 6
—— ==+ ——1.
77 7 77

7

Any constants we can write in front of the summation symbol.

We can split up the summation into two separate ones.
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15
EXAMPLE: Evaluate: Z 2i —3 using properties of summation and the summation formulas.

i=l1

10
EXAMPLE: Evaluate: Zi > —2i” using properties of summation and the summation formulas.
i=1
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EXAMPLE: Find the limit: lim—{Zi} .

EXAMPLE: Find the limit: limﬁ{Ziz} :

EXAMPLE: Find the limit: 1im2(£j(3)

n—>x0 n n

i=l1
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Using the Limit Process to Find the Area Under a Curve

Now that we have the proper notation, we will return to finding the area under a curve. Let f(x)be a

continuous, nonnegative function defined on the closed interval [a,b]. We want to approximate the area bounded
by f(x) above, the x-axis below, the line x = a on the left, and the line x =5 on the right, like what is shown

below:
y

f(x)

How do we approximate the area under this curve? We will divide this region into many smaller rectangles.
Then, we can add up all these areas. We will begin by dividing the interval [a, b] into n rectangles of equal

width. We will use this formula: Ax = Along the x-axis we will select equally spaced points

n
Xy X, X,, Xy, ..., X, With x, =a and x, =b To find each of these x-values we will use the formula

X, =x,+Ax-i where i=0,1,2,3...,n

Suppose we wanted to find the area under a curve using 4 rectangles. Our picture would look like below. In
this picture, we are using right endpoints to determine the height of each rectangle. We see that 4 rectangles is
not a very good approximation. Let’s find a formula for the area under the curve using an infinite number of
rectangles. This way we can approach the exact area under the curve.

fai}

|
S

[a]

x

>

z*]

&

oy
¢ Y




Section 5.2 Notes Page 6
Reimann sum to find the area under a curve

Let f(x) be a continuous, nonnegative function on an interval. Let Ax be the width of each subinterval [x, ,x;]

l

and for each 1, let ¢, be any point in [x, ,,x;]. Then, the area under the curve y = f(x) on [a, b] is given by:

A=1imY f(c)-Ax

n—o0 “
i

EXAMPLE: Find the formula for the Riemann sum obtained by dividing the interval [a, b] into n equal
subintervals and using the right endpoint for each ¢,. Then take the limit of these sums as n — oo to calculate

the area under the curve f(x)=1+x" over [0, 3].
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EXAMPLE: Find the formula for the Riemann sum obtained by dividing the interval [a, b] into n equal
subintervals and using the right endpoint for each ¢,. Then take the limit of these sums as n — oo to calculate

the area under the curve f(x)=>5x over[1, 3].
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EXAMPLE: Find the formula for the Riemann sum obtained by dividing the interval [a, b] into n equal
subintervals and using the right endpoint for each ¢,. Then take the limit of these sums as n — oo to calculate

the area under the curve f(x)=x+x" over [0, 1].



